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Abstract
The isotropy of Newton potential in noncommutative space disappears as it deforms to a momentum
dependent one. We generalize the earlier derivation of such a deformed potential to the relativistic regime
by calculating the 2 scalar-1 graviton scattering amplitude by taking into account the noncommutativity
of space.
PACS: 11.10.Nx, 04.60.-m
1. Introduction
There are several serious motivations, arising from the different arenas of the planck scale physics [1-3], to
consider a noncommutative (NC) algebra for the coordinates xµ spaning the space-time manifold, via
[x̂µ, x̂ν ] = iθµν , (1)
where θµν assumed to be a constant antisymmetric matrix. As a result of ”θ-deformation” of the algebra
of space-time coordinates one must replace the usual product among the fields with Weyl-Moyal product or
⋆-product [4], i.e.
φ1(x̂) ⋆ φ2(x̂) ≡ lim
x→y
e
i
2
θµν∂xµ∂
y
νφ1(x)φ2(y). (2)
From the Feynman’s rules point of view the only effect of the ⋆-product is to modify the n-point interaction
vertices (3≤ n) by the phase factor [4]
τ(p1, . . . , pn) = e
− i
2
∑
n
a<b pa∧pb , (3)
where pa ∧ pb = θµνpµapνb . Here the momentum flow of the a-th field into the vertex is denoted by pa.
In the case of noncommutative QED (QED living on a NC space-time), by analyzing the electron-photon
1
interaction vertex one can demonstrate that at the quantum mechanical level the θ-deformation of spatial
coordinates gives rise to a deformed Coulomb potential [5]
Vθ = −Ze
2
|~x| −
Ze2
4|~x|3
~L · ~θ +O(θ2), (4)
with θij =
1
2ǫijkθk and
~L = ~x × ~p. However one may defer the field theoretic considerations and follow a
more economical way to achieve (4) by redefining the coordinates
x̂i → xi − θij
2
pj . (5)
in the Coulomb potential V̂ = − Ze2√
x̂ix̂i
defined over a noncommutative space. The prescription which
has been also followed to consider the θ-deformation of the Newton potential and its possible classical
phenomenological consequences [6, 7].
So, as the aim of this letter, it seems to be a logical step to deduce the deformed Newton potential by looking
at the mater-graviton interaction vertex in a NC background space. In the next section we write down the
explicit form of the momentum space vertex factor for a Klein-Gordon field scattering from a graviton in
NC space. In section 3, the two-body scattering problem in NC flat background is considered and the
deformed Newton potential is re-derived by calculating the Fourier transform of the scattering amplitude.
The scalar particle scattering off a static source of the graviton is also considered in section 4. Our result
is the relativistic generalization of the previous calculations [6, 7]. In this work we assume c = ~ = 1 and
ηαβ = diag(1,−1,−1,−1).
2. Matter-Graviton Coupling
The Klein-Gordon lagrangian density in curved space-times is given by
LKG =
√−g
2
(∂αφ∂
αφ−m2φ2), (6)
By expanding the metric tensor and its determinants up to the first order in parameter κ =
√
32πG as [8,
9, 10]
gµν = ηµν + κhµν +O(κ
2), (7)
g = 1 +
κ
2
h+O(κ2), (8)
where g = det gµν and h = η
µνhµν , and then substituting them in (6) we find the Lagrangian density
LKG = 1
2
(∂αφ∂
αφ−m2φ2)− κ
2
hµν
[
∂µφ∂νφ− 1
2
(∂αφ∂
αφ−m2φ2)
]
+O(κ2). (9)
Now the second term of (9), first order in κ, clearly describes the 2 scalar-1 graviton interaction in a flat
background. Thus we have the interaction term as
Lint = −κ
2
hµν
[
∂µφ∂νφ− 1
2
(
∂αφ∂
αφ−m2φ2)]. (10)
2
from which one obtains the corresponding vertex factor [8, 9, 10]
ταβ(p, p
′) = − iκ
2
(pαp
′
β + p
′
αpβ − ηαβp · p′) (11)
In de Donder gauge (harmonic gauge) ∂αhαβ − 12∂βh = 0 the Einstein-Hilbert action takes the form
SEH =
1
2
∫
d4xhµνQ
µν,αβhαβ (12)
with
Qµν,αβ =
1
2
(ηµαηνβ + ηµβηνα − ηµνηαβ)∂2 (13)
So the momentum-space graviton propagator is found to be
Dµν,αβ(q) = − i
2q2
(ηµαηνβ + ηµβηνα − ηµνηαβ) (14)
3. Two Body Scattering in NC Space
In a NC flat background the interaction term must be changed to [11]
Lint = −κ
2
hµν ⋆
[
∂µφ ⋆ ∂νφ− 1
2
(
∂αφ ⋆ ∂
αφ−m2φ ⋆ φ)]. (15)
Therefore, with the aid of formula (3) we obtain the deformed momentum space 2 scalar-1 graviton vertex
factor as
τθαβ(p, p
′) = − iκ
2
(pαp
′
β + p
′
αpβ − ηαβp · p′)e
i
2
~p∧~p′ . (16)
where we have assumed θµ0 = 0 that implies ~p ∧ ~q → θijpiqj to avoid the problematic features of the NC
models [4]. Now let us look at a typical two-body scattering mediated by a graviton. For the scalar particles
with masses m1 and m2 the scattering amplitude is
Mθ = τµνθ (p1, p′1)Dµν,αβ(p1 − p′1)ταβθ (p2, p′2) (17)
=
4πG
(p1 − p′1)2
{[
(p1 + p2)
2 −m21 −m22
]2
+
[
(p1 − p′2)2 −m21 −m22
]2
−
[
(p′1 − p1)2 + 4m21m22
]2}
ei~p∧(~p−~p
′)
In the non-relativistic limit we have
(p′1 − p1)2 ≈ −~q 2 (18)
(p1 + p2)
2 ≈ (m1 +m2)2 (19)
(p1 − p′2)2 ≈ (m1 −m2)2 + ~q 2 (20)
By substituting (18)-(20) in (17) we find the deformed gravitational potential
Uθ(~x) = − 1
4m1m2
∫
d3q
(2π)3
ei~x·~qMθ(~q ) (21)
= −G m1m2√
(xi − 12θijpj)(xi − 12θikpk)
+ 4πGδ(~˜x )
3
where
x˜i = xi − θij
2
pj (22)
One must note that the second term of (21) is repulsive and can only be measured for bound s-states and
thus does not appear for gravitational field as a spin zero massless field [10].
4. Scattering off a Static Graviton Source
The linearized Einstein equation in de Donder gauge reads

[
hµν(x)− 1
2
ηµνh(x)
]
= −κTµν(x). (23)
On the other hand for a static source of graviton with mass M we have the energy-momentum tensor as
Tµν(x) =Mδµ0δν0δ(~x). Hence in momentum space one finds
hµν(q) =
κM
4~q 2
(ηµν − 2ηµ0ην0)2πδ(q0). (24)
Therefore, having at hand the ingredients needed for calculation of the scattering amplitudeM we get [10]
iMθ = ihµν(~q )τµνθ (p, q), (25)
= −4πGM
~q 2
(2m2 + 4~p 2)e
i
2
~p∧~q.
The Fourier transform of scattering amplitude leaves us with the Newton potential as
Uθ = −4πGMm
2 + 2~p 2
E
∫
d3q
(2π)3
ei~x·~q+
i
2
θijpiqj
~q 2
, (26)
= −m
2 + 2~p 2
E
GM√
(xi − 12θijpj)(xi − 12θikpk)
,
= −m
2 + 2~p 2
E
(
GM
|~x| +
GM
4|~x|3
~L · ~θ +O(θ2)
)
.
In non-relativistic limit, i.e. |~p| << m and E ≈ m the above result coincides with that of [6, 7]
Unon−relθ = −
GMm
|~x| −
GMm
4|~x|3
~L · ~θ +O(θ2) (27)
which was gained by implementing (5) in Û = −G mM√
x̂ix̂i
. For a relativistic particle with E ≃ |~p| we have
U relθ = −
2GME
|~x| −
GME
2|~x|3
~L · ~θ +O(θ2). (28)
where the first term of (17) is the well-known result arising from the scalar-graviton scattering in absence
of the noncommutativity [10].
5. Conclusion
We followed a field theoretic approach to re-derived the θ-deformed Newton potential by calculating the
matter-graviton scattering amplitude in a NC flat background. In the case of static graviton source our
result confirms the earlier derivation and generalizes it to the relativistic regime.
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